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Objectives of Data Assimilation from NWP Viewpoint

¢ Primary objectives of data assimilation:
= Estimation of the current state
= Forecast of the future state
by periodically integrating information from

1. Computational (forecast) model 2. Observations (in real-time)
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¢ DA is a growing area:
- Many variants, extensions, applications etc exist & are being developed
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Objectives of This Lecture

¢ Basic ideas of data assimilation

¢ Unifying perspectives of currently popular & practical approaches
¢ Understanding of the variational formulation

= Cost function for minimization(=optimization)
J(x) = J°(x) + Jo(x) [+ J°(x)]

J°(x) =1/2(x—xP)" B-1(x —x") : *b*ackground cost function
Jo(x) =1/2(y°=h(x))" RY(y°—h(x)) : ¥*o*bservation cost function
J¢(x) : *c*onstraint cost function

Where (x, B): model state vector & background error covariance matrix
(y, R): observation vector& observation error covariance matrix
v=h(x) : forward model / observation operator

= With emphasis on
* Role of B
* Flexibility of variational approach




Outline

¢ Objectives
¢ Background

= State x & Observationy

= Probability p(x)

= Data assimilation perspectives
¢ 3D Method

= Ol = Optimal Interpolation
= 3DVar =Variational
¢ 3Dto4D

- also m(x) & h(x)
- also p(x]y) & p(y|x)

- 3 dimensions in space

- 4th dimension is time

= EKF/EnKF= Extended/Ensemble Kalman filter

= FGAT = First Guess at Appropriate Time

= 4DVar
= Hybrid =between Var and EnKF
¢ Concluding remarks

- Current operational system




State x and xt ?

¢ Real atmosphere ¢ Atmospheric modeling
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“true state” x', : - Computational model (from time t,_; to t,)
target of data assimilation X =My iz (X 1)
[= consistent projection of real state m: model
onto X] X: N-dim spatially discretized
- representation of xt has uncertainty vector of atmospheric variables
=» Probability p(x) (N~107)
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Computational Model: x,=m,,_; (x,;)

¢ Variables: X is high-dimensional state vector N~O(10%7)
Ex: GFS T Temperature
q moisture
D divergence
X = =
g vorticity
P surface pressure
All grid points
¢ Forecast model:
* Modelm,,,: flow dependent, complex, and nonlinear

Initial condition(IC) x,_;: accurate representation of the current condition
= Skill: mkkl, X,.;, and underlymg system |tseIf

GFS > xk—mkkﬂxk ) Gt f =t , +6hr
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Observation & Forward Model : y=h(x)

¢ Observation vector y: Sampling of (real) atmospheric state

= Ex: GSI
Yr Temperature
Y, moisture
Y=|Yu |= wind field
Yo surface pressure
= Platforms
* In situ
* Remote sensing

¢ Forward model h(x): Relationship between x and y

= Can be simple or complex

2013-08-05
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Uncertainty in Observations

¢ Characteristics of y°
= Heterogeneous, asynchronous, & noisy sampling of the evolving state x!
- Uncertainty in the representation y=h(x) [ y'=h(x!)? ]
=» Modeling of observation likelihood: p(y|x)

Surfac obsk - ) Upper a|r ObS l I ::: Bl Marine obs

ok o

http://www.wmo.int/pages/prog/www/0SY/GOS.html
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Schematic of Data Assimilation: Assimilation Window

¢ Data assimilation is a method that iterates the cycle over a window:

6hr for Operational System

e Model forecast: xP

* Analyzed model state: x@

= hixly)
~ [posterior]

[obs likelihood]

NWS Radar Mosaic
0138 UTC 01/28/2009
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Elements of Data Assimilation

2013-08-05

6hr Assimilation Window

... imagine running GSI ...

Model: GFS
forecast fromt, ; to t,

Data assimilation: GSI
Analysis at t,

Observation
Measurement
over the window
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Challenges of Data Assimilation: Model

mk,k_l IS
* nonlinear
* imperfect

Assimilation cycle

Step 1. Model Forecast
Forecast—>Background: x°, large

X =My (1 (X.1)

Step 2. Assimilation
Integration of x°, and y°,

- Analysis: x?, = func of x®, and y°,

Observation
Measurement: y°,.

y.=h(x,)
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Challenges of Data Assimilation: Observation

Step 1. Model Forecast
Forecast—>Background: x°,

X =My (1 (X¢.1)

h, is/may be
* nonlinear
o imperfect
Observation
Measurement: y°,.
Yi=h(x,)

Assimilation cycle

Step 2. Assimilation
Integration of x°, and y°,

- Analysis: x?, = func of x®, and y°,

y may be large

or too small Ve [y b
* insufficient to determine x,
* not exactly at t,
———————————— ‘k— —-‘-—-—-‘k-- truth xt
* t
k
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Data Assimilation Cycle With Probabilistic View

Assimilation cycle

Uncertainty evolution
p(x Y1) =fk,k.1(p(xk-1 1Y,.1))

Step 1. Model Fore
Forecast—>Background: x°,

X =My (1 (X¢.1)

Step 2. Assimilation
Integration of x°, and y°,

- Analysis: x?, = func of x®, and y°,

Observation

Uncertainty reduction/refinement
Measurement: y°,.

p(x,|Y,) € p(X, Y1) & plyelxe)

Vie=hix,) Ye={lve ], Vs )
Uncertainty in observation
% Py %)
gy L . *- - - ==k - - truthxt . -
oo x +,
k-1 k
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Probability p(x) & Data Assimilation Perspective |

¢ Probability p(x) ~ Likelihood (between 0 and 1) that value being x

¢ Perspective: How to choose a “good” x given p(x)
- Maximum Likelihood (ML): xMt that is most likely
* Conditions at x=xM‘that maximizes p(x)
— Extreme (=gradient 0): Vp(x)=0
— Maximum (~convex) : V?p(x) =(semi-)negative definite
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Expectation Based on Probability p(x)

¢ Expectation: E[f(x)]=ff(X)p(X)dx
= Mean x = expected value of x
X =E[x ]= fxnp(x)dx
= Variance = (standard deviation)?

= Uncertainty around x
P, =El(x,~ X, V1= [(x,— % J'p(x)dx

09k
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07k
0.6k
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0.2 | 7

0.1

x|

X

X =E[x]= pr(x)dx =

Xy

Cross-variable:

e Covariance
Pin = Pni = E[(Xi _)_(i)(xn _)_(n)]

= [(x,~%)(x, - X, Jo(x)dx

* Covariance matrix
P=E[(x—X)(x—X)"]= [ (x—X)(x—X)" p(x)dx

Pll PlN
P,
PN1 PNN




Probability p(x) & Data Assimilation Perspective Il

¢ Total uncertainty ~ total variance associated with p(x): Y,P =trP=0’
n=1

¢ Perspective: How to choose a “good” x
- Minimum Variance (MV): xMV with the least the risk
* Conditions
— Corresponding pMY(x) has the minimum variance among all p(x)
— x"is the expectation (mean) associated with pMVY(x)

sible p(x)




Maximum Likelihood, Minimum Variance, and Data Assimilation

¢ Relationship between x™- and xMV

exp{—JG(x)}

<— JG(x)=%(x—i)TP_1(x—i)

If probability density function (pdf) is Gaussian ps(x) & obs is linear,
then xMb = xMV
¢ Practical data assimilation
= Estimation of xand P
= Forlarge N, not easy to completely estimate P

* Statistical: 3D methods
e Dynamical
— Tangent linear model: Extended Kalman filter / 4DVar

— Monte Carlo: Ensemble Kalman Filter



Gaussian pg(x); 1D and 2D

¢ 1D ¢ 2D

~|p| 12
~(trP)¥?
< |

1
Po(X)= i i P el )}
X=X+ Ax e
1 T (Ax) P (Ax)=1
J (Ax)= E(Ax)T P~ (Ax) "

P gives size of uncertainty as “ellipsoid”

18
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Ensemble Approach to Represent p(x)

¢ Ensemble
* Members X={x"} ={x",..x"}
* Spread AX={x"" =%} = {x" - X,..., x" - X}
= Mean = Covariance
1 & 1 Nrum oy
)_(nzﬂmz:‘;x;’") Pnn_m;(xn -X,)
L N p=p =ii(x‘m’—)—( )X —X )
X:Mmzz‘;x( ) n = T p—g = A
1
P :m(AX)(AX)T
* |ssues

= Sampling of by ensemble can be lousy, especially for
* Small M

* Small P,
= Rank of P is at most M-1
» There infinitely many AX that have the same P=(1/M-1)AX(AX)T




p(x) Sampling & Reconstruction by Ensemble: 1D

different realizations
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Assuming Gaussian pdfs
(x=X)°

=)

p(x) = exp(—

(277:)1/2P1/2

P = ix,)
— orig. p(x) by(x,P)=(0,0.5)

C ¢ M sample* from p(x) 3

— Reconstructed p*(x) by ()‘(*,P*)>

x,}=p"(x)

* |f sampling is well-done,
then p*(x)~p(x).

* ‘Fitness’ of p*(x) to p*(x)
vary case by case
particularly for small M.

* All cases, N<M.
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p(x) Sampling & Reconstruction by Ensemble: 2D

different realizations

<€ >
Case 1 Case 2 Case 3 Case 4
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e %
¢ % ° X
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o
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-2 0 2 =2 0 2
2 2
¢
¢
‘ '@ || &
¢
-2 -2
-2 0 2 =2 0 2
2 2
< 0 @ 0 &
-2 -2
v -2 0 2 =2 0 2
X1 X1
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Assuming Gaussian pdfs

1
X)=————rr——
p( ) (27T)N/2 |P |1/2

exp(—%(x —X)P'(x-X))

. p(x)={x,,}
< — orig. p(x) by (x,P) E

o M sample from p(x)
— Reconstructed p*(x) by()_(*,P*)E

{x,}=p"x)

* |f sampling is well-done, then
p*(x)~p(x).

* ‘Fitness’ of p*(x) to p*(x) vary case
by case particularly for small M.

* All cases, N<M.
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Outline

¢ Objectives
¢ Background

= State x & Observationy

= Probability p(x)

= Data assimilation perspectives
¢ 3D Method

- also m(x) & h(x)
- also p(x|y) & p(y|x)

- 3 dimensions in space

- 4th dimension is time

= Ol = Optimal Interpolation
= 3DVar =Variational
¢ 3D to 4D
= EKF/EnKF= Extended/Ensemble Kalman filter
= FGAT = First Guess at Appropriate Time
= 4DVar

= Hybrid = between Var and EnKF
¢ Concluding remarks

- Current operational system
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Data Assimilation With Probabilistic View in 3D

( Prior
p(x) ~ N(x°, B)
B : Prescribed

Step 1. Model Fore
Forecast—>Background: x°

Step 2. Assimilation
Integration of x°, and y°,

- Analysis: x?, = func of x®, and y°,

Observation /3D Method” computes X )
Measurement: y° * 3DVar (ML)

— by maximizing likelihood in
‘ o on Likelihood posterior p(x)
SR LG * Optimal Interpolation (MV)

p(y[x)~ N(y®, R) _ S :
R : Given by minimizing trP of posterior p(x)
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Perspectives of Data Assimilation

¢ Two main perspectives of practical data assimilation & hybrid approach

Variational Approach:
Least square estimation

Sequential (KF) Approach:
Minimum Variance estimate

[maximum likelihood]
— 3D-Var (3 dim in space)
— 4D-Var (4" dim is time)

gleast uncertainty]

— Optimal Interpolation (Ol)

— (Extended / Ensemble)
Kalman Filter

" 4

¢ Data assimilation is fast growing domain

= Advanced methods are being developed as interdisciplinary science

= A variety of extension & applications exist and are under development

2013-08-05
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Ol

¢ Approach: MV using Best Linear Unbiased Estimation (BLUE)
= |dea: Determine x as linear combination of the two information
X=GxP+Ky°=xt+€¢ with €~(0, P) or P=E[g(g)]
such that resulting x°' has
* Minimum variance (least risk) min: trP=X N P __
* No bias: E[€]=0
= Mathematical problem: Determine G and K as such.
= Statistical property: x2 = x°' has less risk (=is better) than x° or y°

¢ Solution
= Analytical: Although not required
x2=xO'= x°+ KO (y° - h(x?)) Pa=PO'= (I - K°9H)B

KO' = BHT (HBHT + R)
= Computational:
x2=x%= x>+ BH"z
where zis solutionto (HBH" +R)1z =d d =y° - h(x?)




Ol: 1D Example

(x°,B)
(x°,R) with y=x

¢ Background

¢ Observation B

. ol _
- Analysis X3 = xO = (1-KO') xP + KO! x© K =r"g
trP°' = (1-K°') B = R/(B+R) _ (BIR)
1+(B/R)
0.6 | |
0.5
= 04
EX¥
0.2 [ [ ]
01 )‘(0| x‘o )
95 -1 -015 0 015 1‘ 1.5 é 25
x=x"+K (x°-x)
P=(1-K?P" +K’R°
sk
—~3r
3
T,
ne
0 | | ‘ . | | | |
-15 -1 -0.5 K=0 KO K=1 1.5 2 25
2013-08-05 GSI Tutorial - DA Fundamentals - Ide
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Ol: 2D Example with Effect of Correlation B,,

b
b Xl Bll BlZ
¢ Background X = , B=
& [x;’ B B

21 22
¢ Observation y°=X°,, R with Hx=[1,0]x
0]
> Analysis XOl=xb4+AxO! Ax® = Ax; 11 B, (x° — x°)
A ) BL+R\B, | T

A x°'and BHT has the same form

B,,=0 B,,#0 B,,#0 (larger)

2 : 2 : 2 :

(o}, 05)=(0.9,0.6)

0?=U.4
1 . 1 - 1 ra

g — ) )
a
ol ] 0 ; 0
X5 E ) X
1 -1 1
1 0 ¢° 2 -1 0 YO 2 1 0 ¢° 2
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Optimal Interpolation (Ol): GSI Example

¢ Effect of correlation: B> Ax®' (single obs for x) with GSI
Background T(cm tour) and C‘ontrol T 1nc1ement(shaded) X/ position

z=15 Tv Ensemble bpread
3DVar
[=01]
ol
AX1 B1 /
. 1 .
b
Ax,o' =———| B, (v°—x")
. R +B,, .
Ol
AXN BN /

B determines the quality of Ax®

Single 850mb Tv observation (1K O-F, 1K error) — Courtesy of D. Kleist
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Perspectives of Data Assimilation

¢ Two main perspectives of practical data assimilation & hybrid approach

%

Variational Approach:
Least square estimation

[maximum likelihood]
— 3D-Var (3 dim in space)
— 4D-Var (4" dim is time)

Sequential (KF) Approach:
Minimum Variance estimate

[least uncertainty]
— Optimal Interpolation (Ol)
— (Extended / Ensemble)
Kalman Filter

¢ Data assimilation is fast growing domain

= Advanced methods are being developed as interdisciplinary science

= A variety of extension & applications exist and are under development

2013-08-05
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3DVar: Setting

Baye’s theorem for Maximum Likelihood (ML / MLL)

ply|x)p(x) € p(x,y)=p(x|y)p(y)=p(y|x)p(x)
p(y)

¢ Goal: find x that maximizes p(x|y) obtained by maximum (log)likelihood.

06
Zos
04
03
02
ot

0 n L s s

3 2 o) 0 1

x

o

p(x|y)=

¢ Base PDFs in RHS.
= Background (prior x): € = x" -xt is Gaussian

: ° b —1 WPV R v WP
(ZTC)N/2|B|1/2 eXp{—f (X)} J (X)—z(x X ) B (X X )

= Observation (conditional y): €° = y° -yt is Gaussian

p(x)=

plylx)= exp{ ()} I (x0=—(y" ~hix)] R *(y” ~hix)

(2m)*|R[*



3DVar: Formulation

¢ Maximum Likelihood (ML) by Bayes’ theorem
exp{—J(x)}
(2m)"2R[V?|BI? p(y)

p(x|y)=

= Minimum of the Cost function
J(x) = J°(x) + Jo(x)
J°(x) = (1/2) (x-x°)T B-1(x-xP)
Jo(x) = (1/2) (y°-h(x))" R*(y°-h(x))
Conditions
« VJ(x)=0
« V?2J(x) = semi-positive definite

¢ For linear observation y=Hx, analytical solution
xa= xOI =x3Dvar

A=BHT (HBH™ +R)1=( B! + H'R'H )

2013-08-05 GSI Tutorial - DA Fundamentals - Ide

1D schematics

ML at x@

(x°,P%)=(0,1) & (x°,P°)=(1,0.49) — (x* P?)=(0.67114,0.32886)

Jo(x]

31
31
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3DVar: Computational Approach

¢ Computational algorithm: Given ECMWEF Technical Note
= Cost function J(x) wf | J(x)
= Gradient function V J(x) f o
= |nitial “guess” xP _VJ) fl
Using algorithms such as “

= Conjugate gradient

= Quasi-Newton method

¢ Efficiency
= Pre-conditionin
& J(w) x> yb

* Change of coordinate x to w

* (In)homogeneity around the minimum: Controlled by the Hessian of J(x)
= For nonlinear forward model for observation,

* Inner loop by incremental 3DVar (linearization of nonlinear model)

* Occasional outer loop with full nonlinear forward model



3DVar: Additional Topics

¢ Flexibility of J(x) = Jo(x) + J°(x)

= Quadratic, under the Gaussian assumption for the error distribution but
can be other functional form

—> Variational quality control for observations
= Can add constraint : J(x) = Jo(x) + Jo(x) + J¢(x)
— Reduction of unwanted fast gravity waves
= Can use variable transformation (weak constraint)
- Improved use of observations & preservation of dynamic balance

¢ Challenges: Modeling of static B (same for Ol)

= Cross-variable correlations

<Variable transformation for better representation
= Mostly homogenous

(can add some flow dependence but not much)




Outline

¢ Objectives

¢ Background

= State x & Observationy - also m(x) & h(x)
= Probability p(x) - also p(x]|y) & p(y|x)
= Data assimilation perspectives
¢ 3D Method - 3 dimensions in space
= Ol = Optimal Interpolation
= 3DVar =Variational
¢ 3Dto4D - 4" dimension is time
» EKF/EnKF= Extended/Ensemble Kalman filter =~ -- Dynamics
= FGAT = First Guess at Appropriate Time -- Obs
= 4DVar
= Hybrid =between Var and EnKF - Current operational system

¢ Concluding remarks
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Kalman Filters: Extension to Sequential Methods

¢ By explicitly targeting P, the analytical form of P°' (=A) is also available.

¢ Ol itself doesn’t require the computation of P©'.
XP, 2> X3, [B is static, no need for A]

¢ Extended/Ensemble Kalman filter makes use of A,
(x°,, B,) 2> (x3,, A,) [A, is obtained along with x?,]
to estimate B,,, in the next assimilation cycle
(x@,, A) =2 (x°,,,, Br.s) [Model needs to forecast A, to B, ;]



“4D”ness in Dynamic Forecast: Extended Kalman Filter

Variational Approach: “Sequential” Approach:
Least square estimation Minimum Variance estimate
[maximum likelihood] [least uncertainty]
— 3D-Var (3 dim in space) J(x) — Optimal Interpolation (Ol)

— 4D-Var (4t dim is time)

X forecast: Nonlinear model

A->B forecast: Tangent linear model (TLM)
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Sequential Approach: Extended Kalman Filter

¢ Basic concept for dynamic estimation of A, ; to B, by perturbation growth
¢ Extended Kalman Filter (EKF)
= Error covariance P, =E[g, (g,) "] evolution using Tangent Linear Model (TLM)
P =M 1Prs (Mk,k-l)T

&0 =My €]

= Formulation
Step 1. Forecast

b _
X =My, ()

B _Mkk lAkMkkl [+Qk]
Step 2. Analysis
xi=x2 +K, (Yi _Hkx:)
A, =(I—K H )B

K -B HT(H B HT+R°)

k—k 'k



Model
Forecast: x°, B

X, =M, (xk—1) :

x e RN

Extended Kalman Filter

(A

Observation
Measurement: y°

y.=h, (xk) . yeR*

2013-08-05
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EKF

Analysis: x3, A

=fnc. of(xi,Bk;yE,Rk)




Extended Kalman Filter: Challenges

Assimilation cycle

mk,k_l IS
* nonlinear

N

* imperfect ’ \
N dim of x dim of B

Model may be may be

. xb
Forecast: x large (large)?

— . N
X, =m,, (xk_1) ; XeR

Analysis: x@

(xZ,Ak)=fnc. of(xi,Bk;yz,Rk)

Observation
Measurement: y°

yk=hk(xk) . yeR*

2013-08-05

X,
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“4D”ness in Dynamic Forecast: Ensemble Kalman Filter (EnKF)

Variational Approach:
Least square estimation
[maximum likelihood]
— 3D-Var (3 dim in space)

“Ensemble Kalman Filter (EnKF)”
Approach :

Minimum Variance estimate

use {x, ..} to infer/approx. p(x,t,)
Ensemble analysis

0 p=——0
-1 -0.5 0 0.5 1

— 4D-Var (4t dim’is time)

2013-08-05
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Model
Forecast: xP

—_ . N
X, =m,, (xk_1) ; XeR

Ensemble Kalman Filter

Observation
Measurement: y°

y.=h, (xk) . yeR*

2013-08-05

EnKF
Analysis: x@

(xz,Ak)=fnc. of(xi,Bk;yE,Rk)
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Two Main Branches of EnKF: Analysis Processes at a Fixed ¢,

¢ Extended Kalman Filter
b Given
(x° B) .

Obtain
&

(x?, A)

¢ Stochastic EnKF approach
= Perturbed Observation (PO)
(Houtekamer & Mitchell, MWR, 1998)
(Burgers et al, MWR, 1998)

b
L

.
~ b °R,h/H
. Given {x°_},¥° R,
19 PS '. N
,
L o
. . \
:‘ :' ,':. e \
‘N9, e
SO eS8
g AR o .
g e S e o X
SRS I
s .
AN e @
RS A .

g
S
L
RG
gt SN, 4 4
‘. . . g .
A . s, . DR . ’
$ L A e
g e S S, .
’ wte e e . m
, cre W0, .
® @ o S .
e o .

\
I

x, B,y>, R, h/H
Compute K =BH'(HBH™+R)!

X2 =xP+Ax?;  Ax?=K (y°- h(x°) )
A= (I- K H)B

¢ Square-Root EnKF approach
= Serial Ensemble Square Root Filter (EnSRF)
(Whitaker & Hamill, MWR, 2002)
= [Local] ensemble transform KF ([L]ETKF)
(Hunt et al, Physica D, 2007)

{1 yo, R h(/H)

e <> Given
I’I N
KR ® »

. [ \
oo o x® o

SR .:.Apply

N ®
:
.

K to x°, B

. - S’ .
‘e ® S o .
o Obtain x?3 A

[ 3

g Le0® Jo .

e Ty® g . v e ® & hence {Xa }

T . N ° L

{xe } % <y Obtain {x2_} et m
)
m
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3DVar/Ol vs EnKF: GSI Example

¢ Effect of correlation: B = Ax, (smgle obs for x;) with GSI
f\]?aci{groumd T(coutour) and C:onti“ol T/1nc1ﬁmﬁe1§yt(ysh\aded) X/ posit‘ion

z=15 Tv Ensemble bpread

3DVAR

60W 55W HO0W 404 404 5 30w

04 05 08 07 08 08 1 11 12 13 14 1.5 1.6 1.7 -015-0.1-005005 01 015 02 025 03 035 04 045 05 055 06

Background T(contour) and EnsB T 1n(rement(shaded)
= - — \

F— < 2
a/ﬁ\\ X
o O

AX] B

1 11
EnKF :

AX? |=—| B °—x°
! R +B, . v )

AX] B

N NI

B determines the quality of Ax@

-0.15-0.1-0.050.05 0.1 0.15 0.2 0.25 03 0.35 04 045 05 055 08

Single 850mb Tv observation (1K O-F, 1K error) — Courtesy of D. Kleist
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Var Representation of EnKF: L and p

¢ 3DVAR: Static B3DVAR

(Ax)=J1"_ (AX)+J°(Ax); Ax=x-x" & d=y°-h(x")

3DVAR 3DVAR

(AX)——(AX) (Bouan)” (AX);

3DVAR 3DVAR

J°(AX) = E(d° —HAxX)" (R°)*(d° —HAX)
¢ EnKF flow evolving covariance estimation

(@)=1; (@) + 10 () ;

EnKF EnKF

JE,,KF(a)—zp( a) (L) @), S (e)=J°(Ax)

M
Ax=Y '™ o Ax"™

o' ~local weight of individual members, scaled by (M-1)">
L: Localization matrix on extended control
p: inflation of background covariance matrix

Ax'™ : ensemble perturbations




Full 4D Data Assimilation: Problem Setting

¢ Goal: Over a window [t,_;, t,]=[t; ,, t; ],

Obtain the ‘best possible’ estimate of the unknown true state xt,_, (RV) from
two information resources

1. Background by model forecast x°, (RY)

X, ;= mg (Xk,O )

2. Asynchronous Observations y°, ; (R')

2013-08-05

Y= hy (Xk,i)

t

k [assimilation window] N
teo

tk,l tk,i tk,lztk+1,0

GSI Tutorial - DA Fundamentals - Ide
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“4D’ness

Variational Approach:
Least square estimation
[maximum likelihood]

— 3D-Var (3 dim in space

“Ensemble Kalman Filter (EnKF)”
Approach :

Minimum Variance estimate

) use {x, ..} to infer/approx. p(x,t,)
— Ensemble analysis

25 25

2 2r 2r

= 15! < 15

; 1k =t 1

% 05F 051

ol b= —o - 0
het 05 0 05 1 15 2 A -
— 4D-Var (4t dim’is time)
J(x,) N\ 4 — Ensemble forecast
O T 7 7 25 | | "+ dynamic forecast
22 N\ oW\ S . Y |
5 \,"\n ¥ £\ - /../ 15l b Loy ,
- .‘.".\' \ 3 Fi g 3 ‘- ¥ g’. 1 sl l an
cd 11 p (XO)/ \‘-.\‘: . o ; b5 '{‘p(yk | X; ) i
— . - 4 - &\ 0.5
= - .
a 01 % os
— NxM
{xk.m }_(xk.1""’xk.M) eR
k. time t, M: ensemble size
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3DVar Approach to 4D (Asynchronous) Observation: FGAT

= FGAT (First Guess at Appropriate Time)

* Basic idea: Incorporate the time distribution of y°, ;of incremental 3D-
Var while keeping the control variable Ax, at t,

o] . — v _ P _ o __ b
3DFGAT (AX) 'I3DVAR (AX) +J FGAT (AX) ’ Ax=x-x" & d= yk,i h(xk,i )
-1
L (AX) = —(Ax) B (Ax),
o = . T -1 .
J FGAT (AX) _ ) 2 (dk,i Hk,iAx) Rk,i (dk,i Hk,iAx)
i=1
d/('),i = yio,k - hi,k (x?,k
If x°;  is available (stored)
3DVar b 3D-FGAT b
“ “ X,
............... AXK: d | Axk o
_______________________ ; k‘l yO ki *yo
............ i * Yii (actual obs) 0
j|< [observation window] N . I I I I .
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Variational Approach to “4D”ness in Dynamics: 4DVar

= Addressing “4D”- ness

* 4D-Var is the extension of 3D-Var to the time domain and forward model
takes into the account the dynamical evolution the model state

* Two obvious and related advantages of 4D-Var over 3D-Var are:

— Better representation of the temporal distribution of the observations,
like FGAT

— Time evolution of the model state

_ X" (unknown true trajectory)

t

k [assimilation window] N
teo

te 1 Ly te Fterso

* In the 4D-Var, the observation window and the forecast window (in the
simplest form) coincide, which we call the assimilation cycle.

— One assimilation cycle at a time = drop the window index k, use only i.

2013-08-05 GSI Tutorial - DA Fundamentals - Ide
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4DVar: Formulation

¢ Standard 4D-Var:
= Cost function

J(xy)=7 (X —x0) B (x, - x0)+ Y, —(y h(x,))"(R,)"(y; —h,(x,))

=1 2
= E(XO ~xE B (X, - x2)+ > §(y? —h,(m, (X, )R, ) (y; —h,(m,(x,)))
=J(x,) + J°(x,)
=J°(x,) 2 JO(x,)

VJ(x,)=VJ°(x,) + 2/21 VJo(x,)

VJ,'O(x()) = _(H/M,’,o )T(R,' )_1(y,'0 - h,’(m,',() (xo )))
* Minimization algorithms require the gradient VJ(x,) of J(x,)
= Adjoint M, ; of nonlinear model m, ,
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4DVar: Additional Topics

¢ Flexibility of J(x) = Jo(x) + Jo(x) [+ J(x)]
= Similar to 3DVar, once minimization of J(x) is in place.
* Variational quality control
* Constraints
* Preconditioning

* Outer loop (for nonlinearity in both dynamic and forward models)

¢ Challenges: Modeling of static B (similar to 3DVar)

= 4DVar is not a sequential method: B is still static though evolves over the
assimilation window, effectively just like EKF, i.e., B,;=M,,B M, ;T

= Computationally intensive: in particular TLM M, ;and its adjoint M, ,f




Integrated Approach: Hybrid

¢ Incremental 4DVar with Static B
J(AX,) = %(AXO)TB‘1(AXO) +y %(dj’ ~HAX ) (R,)"(d° —H Ax,)
¢ EnKF in Var formulation with dynamic B,
1 o - o
EnKF(a)—ga Ula+y —(d,_ ~HAx ) (R )(d°~HAX ) ;
M
Ax. = Za(m) o Ax ™

. Hybrid' . with PP=B.B.+B_B,
(Ax_,0r)=, (Ax )'B7(Ax )+ —p(x o

h brid
Yy E(df’ ~HAX ) (R ) (d° —H Ax )
1/B,+1/B,=1

M
_ (m) (m)
Axi —Axf+2a oAxi

m=1




Hybrid: GSI Example

¢ Effect of correlation: P> & Ax_ (single obs for x,) with GSI

zZ= Jl:) Tv Ensemble Spread .t'i
- - —— Baokground T(coutour) and C‘ontril ;T/lncl,‘emﬁel‘at(sh‘fade(’l) X/ posl On

54N - ~

ERg == ~
36N
34N

32N

p 30N,
60W 55W 500 4o 408 35W oW

N | B N N R — =
04 05 06 07 08 08 1 11 Lz 13 14 15 1.6 L7 —0.15-0.1-0.050.05 0.1 0.15 0.2 025 0.3 035 04 045 05 055 0.6

(pb / pb
P/ P

Background T(contour) and FnsB T 1n(rernent(shaded)

EnKF
AX®

Il
Qo)
o
N
gv)
o
<
o
|
x
o

b/ pb
PN//P

oW v = 55W 544, 5} - 51 b_ . .
<—o‘.15—$.1—0‘.050.‘05 0‘1 0‘15 om P _Bfo+BeBe * hybrld

Single 850mb Tv observation (1K O-F, 1K error) — Courtesy of D. Kleist
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Hybrid: GSI Example

z=15 Tv

¢ Effect of correlation: P> = Ax, (single obs for x,) with GSI

nsemble Spr Background T{contour) and Control T increment(shaded)
Y — — < o el T

SNy /\)/?/7\*\

5.7 2

S N\ ,;7\}\ W
=\ D=— g { /// /4

A

X, position

- 2 { é//
5 ‘ y 30N, )
608 554 HOW 40 40W 3oW B0W 70w 550 5

04 05 08 07 08 08 1

11 12 13 14 15 16 L7 —0.15-0.1-0.050.05 0.1 0.15 0.2 025 0.3 035 04 045 05 055 0.6
Background T{contour) and EnsB T increment(shaded)
= = < == 7

N N e =

Background T(contour) and Bela(0.5) Hybrid T increment(shaded)
- — < =
= RN B —

~ \\\j&zmu\ \ 7‘ \/> V"\)\\\\

NN xS (7 ///B \{, P?

N\ Dl ( (a4
Z

i
P Y

EnKF

W 85w 50W 55% 500

45 40W 35

-0.15-0.1-0.050.05 0.1 0.15 0.2 0.25 03 0.35 04 045 05 055 08

-0.15-0.1-0.050.05 0.1 0.15 0.2 0.25 03 0.35 04 045 05 055 08

Single 850mb Tv observation (1K O-F, 1K error) — Courtesy of D. Kleist
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Summary

¢ Background ideas of data assimilation
¢ Unifying perspectives of the current approaches
¢ Understanding of the variational formulation
= Cost function
J(x) = J°(x) + Jo(x) [+ J°(x)]

J°(x) =1/2(x—xP)" B-1(x —xP) : *b*ackground cost function
Jo(x) =1/2(y°=h(x))" RY(y°—h(x)) : ¥*o*bservation cost function
J¢(x) : *c*onstraint cost function

Where (x, B): model state vector & background error covariance matrix
(y, R): observation vector& observation error covariance matrix
v=h(x) : forward model / observation operator

= With emphasis on
* Role of B
* Flexibility of variational approach




